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Abstract
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necessarily homogeneous) with ideal non-holonomic constraints. Moreover, we prove something
stronger than the result of Vershik and Feddeev: our connection has not only the above-mentioned
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1. A survey of the algebraic formalism for the theory of connections

In this article we follow the ideas of Gallissot [3] and Klein {4], for the geometrization of
Lagrangian mechanics, in which the framework of the tangent bundle plays an essential role.
In the last part of his thesis ([4], ch. 6), Klein applied his point of view to non-holonomic La-
grangian systems, obtaining, among other results, a geometric presentation of the principle
of minimal curvature. Recently, owing to the interest aroused by non-holonomic geometry,
many papers have been devoted to this subject (cf. for example [1,7,8,10~13], and [9], which
contains a large bibliography).

Our aim is to set up a connection whose geodesics are the trajectories of the system
and which preserves the Hamiltonian by parallel transport. Moreover, we suppose that the
Lagrangian is an arbitrary convex function without homogeneity hypothesis. As we will
see, even in the simplest case when the Lagrangian is the sum of a quadratic form and a
potential which does not depend on the velocities, the torsion of the connection does not
vanish. Therefore the non-vanishing of the torsion is essentially related to the deviation
from the homogeneous case.

In this paper we use the algebraic formalism for the theory of connections introduced
in [6], which is based on the Frolicher-Nijenhuis theory of derivations associated with
vector-valued forms (cf. [2]). We recall in this section the essential notions of this
formalism.

1.1. Connections

Let M be a differentiable manifold. A p-form w € @PT*TM is called semi-basic if
w(Xy, ..., Xp) = 0 whenever one of the vectors X; is vertical. In the same way, a vector-
valued /-form L (ie. L € @ T*TM ® TTM) is called semi-basic if it is vertical valued
and L(Xy,..., X;) = 0 whenever one of the vectors X; is vertical. We shall denote by
TV the vertical space, T, the space of the semi-basic 1-forms and A” T the space of the
skew-symmetric semi-basic p-forms. In local adapted coordinates (x*, y*)? scalar and
vector semi-basic forms have the expression, respectively:

®=wj,..i,(x,y)dx" @ - @ dx",
a
..... ay] *

Let w : TM — M be the tangent bundle to M and P : TTM — T M the tangent
bundle to T M. We have the exact sequence:

0—TM xTM = TTM -5 TM x TM —> 0,
M M

2 The y2 are the co-ordinates of a vector of T M on the basis (@/3x%).
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where i (v, w) = di’,—(v + tw)’ =0 is the natural injection in the vertical bundle 7% and
= (P,m). The (1-1) tensor J := i o j on TM is called almost tangent structure or
vertical endomorphism. In adapted local coordinates

J=dx"® —
® By
The following identities hold:

J?=0 and [J,J]=0

Note that Ker / =Im J = TV.

The vertical field C. := i(z, z) is called canonical field or Liouville field. In local
coordinates
a
C =9
¥ I

Definition 1.1. A spray is a vector field S on TM such that J§ = C.

Locally:

0
ox¢

S =

+ f%(x, y)—

With any spray a system of ordinary second-order differential equations is associated,
and conversely a spray is associated with any system of ordinary second-order differential
equations, in the following way. A curve y : I —> M such that ¢’ is an integral curve of
S,ie. S, = y", iscalled a path of S. Locally if y : r —> x®(t) is a path of S, then the x*
verify the second-order equations:

dx_f( )

Conversely, if we have a system of ordinary second-order equations, the spray is defined
by this formula and this definition does not depend on the local coordinates. 3

Let L be a (scalar or vector-valued) semi-basic /-form, [ > 1; the potential L% of L is the
(I — 1) form defined by LY = igL where S is an arbitrary spray. Obviously, L° does not
depend on the choice of S.

A sprayS is called homogeneous if [C, S] = S. This condition means that the functions
f%(x, y) are homegeneous of degree 2 in the variables y®. If, in addition, § is C* on the
zero section, the f¢ are quadratic in the y“. The vertical vector field $* := [C, S] —
which estimates the non-homogeneity of § is called deflection.

Definition 1.2. A connection on M is a (1-1) tensor field I” on T M such that
Jr=J and I'J=-J.

3 The sprays are also called SODE (second-order differential equations), cf. for example [11]. In [6] they
are called semi-sprays, and the term spray is reserved to homogeneous second-order equations.
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The connection is called linear if {C, I'] = 0 (if I" is C*® on T M \ {0} but is not C! on the
zero section, the connection is called homogeneous).

In the basis (3/9x%, 3/8y®), a connection is represented by the matrix

55 0 )
—arg 5%

The fuctions I” g are called the coefficients of the connection. If the connection is linear,

then the I ;3’ are linear in the y¥: T g (x,y)y=y"r, f}, (x). If the connection is homogeneous,
the I” ;3’ are homogeneous of degree | in the y”.

The semi-basic tensor H = (1/2)[C, I'] which estimates the non-homogeneity of the
connection is called tension.

It is easily verified that I'> = I and that the eigenspace corresponding to the eigenvalue
—1 is the vertical space. Then 7T M splits into the direct sum

TTM=T"eT",

where T* is the eigenspace corresponding to the eigenvalue +1, called horizontal space.
We denote by & and v the horizontal and vertical projectors:

h:=3U+T), =3 ~T).

Consider two manifolds N and M, andtwoC*® mapsy : N - Mandz : N - TM
suchthatm oz =T

™
A
N 5 M.

If w e X(N)and &, : T — T, M is the natural isomorphism, the covariant derivative
of z with respect to w is defined by

Dyyz =& n(vozeow).

In particular, for N = M, y = id and w, z two vector fields on M, we have
az8 a
Dyz = w* (E)F + Ifx, z(x))) P
Let N = I be aninterval of R, w = d/dr,y : I > MacurveonMandz: I - TM
a vector field along y. We have
dz# dy*\ 9
D ={—+TPye), z0)— }—.
d/drZ ( o + Iy (v (1), 2(1)) " ) 52P
A vector field z € T M along a curve y is called parallel if Dq/q,z = 0 ,ie. vz’ =0. A
geodesic is a curve y such that

Dgjary’ =0,
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which means that the acceleration is horizontal:
vy” = 0.
A spray § is canonically associated with a connection. It is defined by
S:=hS,

where S is an arbitrary spray (S does not depend on the choice of $). It is easy to check that
the paths of the spray associated with a connection are the geodesics of the connection.

Propeosition 1.3 (cf. [6]). If S is a spray then I" := [J, S] is a connection.

It is important to note that this connection is not, in general, the most appropriate con-
nection associated with S. Indeed, the spray of [J, S]is not S, but (1/2)(S +[C, S1). Then
the geodesics of [J, S] are not the paths S, unless S is homogeneous. In other words, if a
spray S — i.e. a system of ordinary second-order equations — is given, the geodesics of the
connection [J, S] are not solutions of this system, unless the equations are homogeneous.
The notion of torsion is introduced in order to construct a connection whose geodesics are
the solutions of a second-order non-homogeneous system (cf. [6]).

Definition 1.4. The semi-basic vector-valued 2-form ¢ := (1/2)[J, I'] is called the weak
torsion of I". The strong torsion is the semi-basic vector-valued 1-form T := t° — H, where
H is the tension of the connection.

It is easy to see that the strong torsion “equilibrates” the spray S of the connection, in the
sense that its potential compensates the deflection of S, i.e.

79+ 5 = 0.

The following result holds:

Theorem 1.5 [6, (1.55)). Let S be a spray and T a semi-basic (1-1) tensor field which
equilibrates S. Then there exists one and only one connection I whose spray is S and
whose strong torsion is T. It is given by

r=1[J,8]+T.

Note that 7 = O implies I" = [J, S],and then[J, I'] = [J, [J, S1] = (1/2)[[J. J]. S] =
0; so7 = 0, and consequently, H = 0. Conversely, if H and 7 vanish, T =0,s0 T = 0if
and only if + = 0 and the connection is homogeneous. When the connection is linear, 7 and
¢t agree with the usual torsion, up to the identification of the semi-basic tensors at a point
z € TM with the tensors on 7, M.

Then:

between “S” and “arc” the connections whose spray is S and whose geodesics are the
solutions of a given second order system are given by the formula I' = [J, S| + T where
T is a semi-basic (1-1) tensor field T M, equilibrating S.



192 J. Grifone, M. Mehdi/Journal of Geometry and Physics 30 (1999) 187-203

Every connection I" on M determines an almost-complex structure F on TM which
permutes the vertical and horizontal spaces; F is the unique (1-1) tensor field on T M such
that

FJ=h and Fh=-J.

F and the spray of the connection are related by F = h[S, h] — J.

Finally, the curvature is the semi-basic vector-valued 2-form R := —(1/2)[h, h]. For
a linear connection this agrees with the usual curvature, up to the identification of the
semi-basic tensor at 7 € T M with the tensors at T, M.

1.2. Lagrangians

Definition 1.6. A Lagrangian is amap E : TM — R whichis C* on TM \ {0}. E is
called regular if the 2-form £ := dd, E is symplectic.

Locally, E is regular if and only if
2

det
dy«ayb

£ 0.

For example, if g is a Riemannian (or pseudo-Riemannian) metric on M, the quadratic form
E() := (1/2)g(v, v) on T M is a regular Lagrangian. If E is homogeneous of degree 2,
i.e. CcE =2E, and E is C! on the zero section, E defines a Finsler structure. 4

Proposition 1.7 (cf. [5; 6, (IL.15)]). Let E be a regular Lagrangian and H := LcE — E
be the associated Hamiltonian. The vector field S on T M defined by

is2 = —dH

isa spray, called canonical spray. The connection I = [J, S]is called the natural connection
associated with E. In particular, if E is the quadratric form associated with a Riemannian
(or pseudo-Riemannian) metric, we get the Levi-Civita connection.

Locally, the components f¢ of the canonical spray E are

o= gdﬂ a_E_ - A_B_Z_E_
axh axrayk )’

where the g%/ are the coefficients of the inverse of the matrix || 82E/3y*dy? ||. An easy
computation shows that the paths of § are the solutions of the Euler-Lagrange system
defined by E:

4If E is C? and homogeneos of degreee 2, it is quadratic and then it defines a Riemannian (pseudo-
Riemannian) structure.



J. Grifone, M. Mehdi/Journal of Geometry and Physics 30 (1999) 187-203 193

Note that if £ is homogeneous, then S is homogeneous too and the paths of § are the
geodesics of I". Inversely, if E is not homogeneous, the paths of § are not the geodesics of
the connection. In other words:

If E is not homogeneous, the geodesics of [J, S] are not the solutions of the Euler-Lagrange
equations.

Itis well known that aregular Lagrangian E allows to define a metric (pseudo-Riemannian
in general) on the vertical bundle, by setting

glUX, JY)=R2{UX,Y) for X, Y eTTM,
where 2 = dd, E. If I" is a connection on M, g can be extended to T M by putting
erX.Y)=¢(JX,JY)+ g(wX, vY),

where v is the vertical projector (cf. [6]). It easy to see that the horizontal and vertical spaces
are orthogonal with respect to g . This is the reason why g is called the adapred metric
to I'.> If E is convex, i.e. the matrix || 32E/3y"3yﬂ || is positive-definite, then gr is a
Riemannian metric.

Finally, we have

egr(X,Y)=2(X, FY),

where F is the almost-complex structure associated with I".

2. Lagrangian connections

As we said, if E is a non-homogeneous Lagrangian, the geodesics of the “natural’ con-
nection [J, S] are not the paths of S, i.e. the solutions of the Euler~Lagrange equations. The
notion of Lagrangian connection allows us to remove this difficulty.

Definition 2.1. A connection is called Lagrangian if the horizontal space is Lagrangian with
respect to the symplectic form 2 = dd; E, i.e. if 2(hX,hY) =0forany X,Y € TTM.

One can easily check that I" is Lagrangian if and only if i -2 = 0, which is equivalent
toin2 = 2,10i,2 =2 andtoip2 = 0.

Remark. If E is homogeneous of degree 2, the natural connection [J, S] is Lagrangian.

Indeed

iy.5)82 = isd; 2 +dyis2 — L2

3 This metric is frequently called Sasaki metric.



194 J. Grifone, M. Mehdi/Journal of Geometry and Physics 30 (1999) 187-203
Now d; 2 = 0 and L2 = £2, because E is homogeneous of degree 2; thus
ily.5)2 =dydE + 2 =0.

The interest of the Lagrangian connection comes into sight from the following property:

Proposition 2.2 (cf. [6, I, [1.32, 11.33]). Consider a regular Lagrangian E, H = LcE — E
the associated Hamiltonian and I' a Lagrangian connection. Then the spray of I is the
canonical spray if and only if

dH =0.

Indeed, let S be the spray of I" ; we have
in(is2 +dH) = inis 2 +dp'H = i5ip 2 — ips 2 + dp'H.

Now i, §2 = £2, beacuse I is Lagrangian and S = S, § being the spray of I"; then
in(is2 +dH) =dy'H.

On the other hand, it is easy to see that the 1-form w = igf2 + dH is semi-basic and
hence i,w = w. Then we have

isQ+dH =d,H,

which proves that S is the canonical spray if and only if d,’H = 0.

Interpretation. This property means that the Hamiltonian is preserved by parallel transport.
Indeed, let us consider the set of the vector fields along a curve y : I — M, that is the set
of the z : I — T M such that w o z(t) = y(t). The following corollary holds:

Corollary 2.3. Let S be the canonical spray and I' be a Lagrangian connection whose
spray is S. Consider a curve y : I — M. For every parallel vector field z along y, one has

S =0
In other words, the Hamiltonian is preserved by parallel transport.
Indeed,
SHED) = AHE (1) = AR ()
because z is parallel. Then

d '
EH(Z(I)) = (dyH) (' (1)) = 0.

Remark. Asitappears from the above remark, in the Riemannian case the natural connec-
tion — which actually is the Levi-Civita connection — is Lagrangian, hence the Hamiltonian
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is preserved by parallel transport. Since H(z) = E(z) = (1/2)g(z, 2), the property
(d/deYH(z(t)) = 0 is equivalent to
Dg =0,

which is the essential property of the Levi-Civita connection. Then the Lagrangian connec-
tions whose spray is the canonical one, generalize, to the non-homogeneous Lagrangians,
the property Dg = 0.

The following result gives a generalization of the construction of the Levi-Civita con-
nection for general Lagrangians, even non-homogeneous.

Theorem 2.4. Let E be a regular Lagrangian and S a spray. Then there exists a Lagrangian
connection whose spray is S. In particular (taking for S the canonical spray), there ex-
ists a connection whose geodesics satify the Euler-Lagrange equation and such that the
Hamiltonian is preserved by parallel transport.

Indeed, let I" = [J, §] + T be a connection whose spray is S. Then I is Lagrangian
if and only if i~2 = 0, ie. i 58 +ir = 0. Let S be the canonical spray and put
U=5—-38 Wegeti, 52 +irQ2 =ij52 —ijs.y)2 + it 2. On the other hand, since
S is the canonical spray, we obtain

i.5)2 =ijLs§2 = i;dis2 = —i;d*H = 0.
Then the condition ensuring that I is Lagrangian is

irf2 —iyu)f2 =0
Since ij; 02 = i; Ly §2, this condition can be written as

g(TX, I+ LyRUX,Y)=g(TY,JX)+LyR2UJY, X), (hH
because $2(vX,Y) = g(vX, JY). If we put

OX,Y)=g(TX, I+ LyR20JX,Y), (2)

condition (1) can be expressed by saying that the scalar semi-basic 2-form @ is symmetric.
Since T has to “equilibrate” S, the problem reduces to finding a scalar semi-basic and
symmetric 2-form © such that

O(S,Y) = —g(§*, JY) + (LyR)(C, Y). (3)
As soon as © has been fixed, one defines, following (2), the strong torsion T by
gTX, JY)=0(X,Y) - (LyDUIX,TY).

Let us consider the scalar semi-basic 2-forms & = ic £2 ® w, where w is a scalar semi-basic
1-form and @ is the symmetric product. Let us show that @ can be taken in such a way that
(3) is satisfied. Now (3) is satisfied if and only if

o’ic2 + g(C, C)a):—is,.Q—{—icf,U.Q. 4)
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Then, taking the potential of both sides of this equation, we have
20°g(C, €) = —g(5*, €) = (LyR)(S. C).

Replacing it in (4), we find

T g(C,0)

1 . . g(8*,C)+ Ly (S, 0) .
- —iz Q 21,
w [ .2 +icly$2 + 22(C.O) i :|

which determines @ and, consequently, 7.
For example, in the case where S is the canonical spray (i.e. U = 0), we get

[8(5*, ©)ic2 ® C = g(C, 0)i5. 2 ®C — g(C, O)ic2 ® 5*1.
(5)

L
(8(C.0)?

3. Non-holonomic constrained systems

This section is, partially, a reformulation in our formalism of some definitions and results
of [13].

Definition 3.1. An admissible non-holonomic constraint (or, simply, a non-holonomic con-
straint) is a submanifold .A of T M everywhere transval to the vertical bundle, that is such
that at any point of .4 one has

TA+T'=TTM,

where TV is the vertical bundle.
The semi-basic 1-forms w € J*(T A)? are called reaction forces.
A is called ideal if the canonical field C is tangent to A.
An admissible spray for the constraint A is a vector field ' € X(A) such that J§' = C.

Remarks.

1. The transversality condition implies of course that dim A > n = dim M. It expresses
that A is fibered on M by the restriction to A of the projection of TM on M. °

2. The reaction forces are the 1-forms w € T*(TM) such that o = ija witha € T*TM
and «(X) = O forany X € TA. If A is defined as the kernel of the submersion
=i, fack) : TM — R" where the fi € C°(T M), then (T.A)° is the set
of the I-forms a on T*M such that @ = M dfi + -+ - + Ay—xd fu—k. Then the reaction
forces have the expression

o=Mdyfi+ -+ Apds frk.

6 Under the natural hypothesis that A is connected and smooth.
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3. The condition that the constraint is ideal comes from [13]. It expresses that the work of
the reaction forces is 0. Indeed, C € TA ifand only if @(C) = 0 forany o € T*TM
suchthat a(X) = OVX € T A, and that is equivalent to w(S) = 0 for any reaction force
w, where S is an arbitrary spray. Now w(S) = 0 expresses in fact that the work of w is
0, along all the curves.

If A is defined by a submersion F = (fi, ..., fu_t) : TTM — R"7X, the condition
that Ais ideal can be expressed by Lc F = O0mod(F). If fi. ..., fu—i are homogeneous
this condition is satified and hence A is ideal. In particular, linear constraints are ideal.

4. IfS' is an admissible spray, its integral curves project on curves on M verifying a second-
order equation constrained by the condition that the velocity is in A. Conversely any
second-order equation on M such that the velocities of the solutions are in A defines a
spray which is admissible for A.

The transversality condition is the usual one on the non-holonomic constraints (cf. [9,13]).
In fact we have:

Proposition 3.2. Let (T A)° be the annihilator of T A. The following properties are
equivalent:

(1) A is an admissible non-holonomic constraint.

(2) (T.A)° does not contain semi-basic 1-forms.

(3) dim(T A)° = dimJ*(TA)’.

4) dmTA=n+dm(TANTY).

Indeed, taking the annihilator of the admissibility condition T A+ TV = TT M, one gets
(T A N(T")? = {0} where (T")? is the annihilator of T, i.e. the set 7,7 of the semi-basic
1-forms, which proves that (1). is equivalent to (2).

On the other hand, let

J (TAY’ - JXTAY

be defined by Jo = J*w, where (J*w)(X) := w(JX). Property (3). expresses that J is
injective. Now Ker J= (T A)° N(TV)°. Then (3). is equivalent to (2).

Finally, if T A + T¥ = TTM we have dim7T A+dim T"—dim(T AN T") = 2n, hence
dim T A = n+ dim TAN T". Conversely, if this equality holds, there exist n independent
vectors in T..A which are not in 7.7. Completing these n vectors by a basis of T we obtain
a basis of 7.7 M, which shows that . A+ T = T.TM.

Let E be a convex Lagrangian, I” a connection on M and g the (Riemannian) metric
on T M adapted to the connection I" (cf. Section 1).” Let us denote by T+.A the normal
bundle on .4 defined by the orthogonality with respect to g . We have:

Proposition 3.3. The following properties are equivalent:
(1) A is an admissible non-holonomic constraint.

7 In what follows, we shall take for I” the Lagrangian connection with canonical spray, produced in Section 2.
However, all that follows holds for an arbitrary connection.
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(2) T AN TY = {0} where T" is the horizontal distribution.
(3) dim T+ A = dimvT+ A where v is the vertical projector.
4 TTM =TAD T+ A

Indeed, (2) is obtained by taking the orthogonal of (1). On the other hand, (2) means that
vE # 0 forany £ € T1 A, & # 0, that is the restriction of v to T+ .A is injective, which is
equivalent to dim 71 4 = dim vT+ A. Then (1), (2) and (3) are equivalent.

Finally, suppose that (2) holds and let v € vT-AN TA, with & € T+ A. We have
gr(E, &) = 0, because v€ € T.A. Now g is adapted, so g (v, €) = gr(vE, vE) =
0. Since g is positive definite, that implies v€ = 0, hence (WT-A) N TA = 0. But
dim 7+ A = dim vT+ A, hence TTM = T.A @ vT+.A which shows that (4). holds. The
converse is evident.

Corollary 3.4 (cf. [13]). Let E be a convex Lagrangian, S the canonical spray and A a
non-holonomic admissible constraint. Then there exists a unique vector field € € T+ A such
that the vector field defined on A by 8’ = S — v¢ is an admissible spray.

Indeed, we have just to decompose S following the direct sum TTM = TA @ vT+A:
S = 8 + v&. If £ is another vector field in T+.A such that S = §’ + v£’, one has
v(E —£)=0,ie. &£ ~& € T" N T+ A = {0}, hence £ is unique. On the other hand, S’ is
an admissible spray, because JS' = JS = C.

4. Geometry of the constraints

Let E be aconvex Lagrangian and I” an arbitrary connection (for example, the Lagrangian
connection associated with the canonical spray as in Section 2). In what follows, we shall
denote by t and v the projectors on 7.4 and vT A defined by the direct sum

TTM =TA®vT+A

associated with I" (cf. Proposition 3.3).® Note that, since v is vertical-valued, we have
Jv=0 and Jr=J.

The vertical endomorphism J induces a (1-1) tensor field J' on A (cf. [10]) defined by
J=1tJ |74 .

Proposition 4.1.
M =0
2 ImJ' =T"'NTACKerJ ,KerJ =(T'+ FT+ANTA.

8 Note that 7 and v depend on E and on the choise of I and, as [10] remarks, the objects which we shall
construct are rather mechanical quantities than geometrical.
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Indeed,
JJ =JtJ=J>=0 and J'J=tJtJ=1J"=0
hence
ImJ cKerJ |r4=ImJ |r4C Ker J’

andso (J)2 =0.
If X € Im J' then X € T A and X € Ker J. Therefore X € T N T A. Conversely, if
XeT"'NTA, then X =7X and X = JY, whence

X=tJY=1JtY =J'1Y;

so X € Im J'. This proves the first part of (2).

Let X € KerJ’ ,ie. tJX = 0. This implies that JX € vT+ A, hence there exists
£ € T+ Asuchthat JX = vE. Letus set X = FY. We have JX = vY, whence vY = vé.
From this it follows that Y — & € T" andso Y € T+ A + T". Therefore

Xe F(T*A+TH =FT*A+T".

Conversely, if X € (T' + FT+A)NTA, then X = JY + F& (with £ € T+ A). Now
X = 1X, hence

X=1tJY+1Ft=JY +1F§E;
therefore
JX=JtF§ =JF& = v§

and then 1 JX = tv& = 0,i.e. J'X = 0. This proves the second part of (2).

Definition 4.2. The induced connection on the constraint A4 is the (1-1) tensor field on A
defined by:

I'=1T |14 .
We set
hW=3a+r") and v'=34-1".
Proposition 4.3.
. I =11 =0 v? =V,
2. Jr=Jy.r'j=-J,
3. TA=T"®TY, where TV :=Kerh' =Imv =T'NTAand T" == Imh' =
Kerv' =(T"® T+ A NTA

Proof. SinceImv C TV, we get 'v = —vy, and then tI'v =0, i.e.

tl't=1r.
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Therefore
1. I =tItl |7 a=tI? |ta= T |ra= IT 4. It follows that &’ and v’ are projectors.
2. J' T = 1Jtl |ra= tJI |ra= tJ |ra= J'. In the same way one proves that
ry=-J.
3. Since h’ and v’ are projectors, TA = T"' @ TV'. On the other hand, let X € T A be such
that A’X = 0, i.e. ThX = 0. This implies X € vT+.A, hence X € T* N T A.
Conversely, if X e T"NTA, hX =0,then X = thX = 0.
Finally, ImA’ = Kerv’. Now v'X = 0 means that tvX = 0, ie. vX = vé (with
& € T+A), which is equivalentto X — § € T" . Then X € T" @ T+A and therefore
Imh' =(T"®TLAHNTA m

Remark. Since A is fibered on M by the restriction to A of the projection of TM on M,
and TV N T A is the vertical bundle with respect to this fibration, Property 3, means that
I’ is a connection (which in general is not linear) on the fiber bundle A — M. That
accounts for the terminology.The definitions of geodesics and parallel fields (cf. Section 1)
adjust naturally to this case. An A-valued vector field z along a curve y : I — M is
parallel if its velocity 7/ = y, o d/dt is horizontal, i.e. if V'Z'(t) = 0. An admissible
geodesic is a curve on M such that its velocity is A-valued and parallel with respect
ol

Definition 4.4. Let (M, E, A) be a constrained Lagrangian system with convex Lagrangian
E. The canonical connection adapted to the constraint .4 is the connection induced by the
Lagrangian connection constructed in Section 2.

Theorem 4.5. Let (M, E, A) be a Lagrangian constrained system, with convex Lagrangian

E (eventually non-homogeneous) and an ideal non-holonomic constraint A. Let "' be the

canonical connection adapted to the constraint. Then

1. The solutions of the d’Euler-Lagrange equations are the geodesics of I'’ with velocity
inA.

2. One has

d
e =0

for all curves y : I — M and all parallel vector fields z(t) € A along y. In other
words, the Hamiltonian is preserved by parallel transport.

Proof. We have just to prove that (W'X) -’ H = Oforany X € T A, i.e. 2(S,h'X) =0 for
any X € TA. Now

Q. WX)=gr(FS,h'X) = —gr(C,h'X).
Indeed,

FC=FJS=hS§=S
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because S is the spray of the connection I” and so AS = S. Therefore FS = —C. On the
other hand, Imh’ = (T" + T+A4) N T A, hence

WX =hZ+& withgeTtA
Then
2(S,h'X) = —gr(C,hZ) —gr(C.§).

But since g is adapted to the connection I" , we have gr(C, hX) = 0 because C is
vertical and h X is horizontal. But g (C, £) = 0 because C € TA and £ € T+ A. Then
225, X)) =0. ]

Example. Let us consider a regular Lagrangian E = E» + U, where E; is quadratic
and U = U(x) is a function on M. E, determines a Riemannian metric g on M (g is
the polarization of E> : E»(z) = (1/2)g(z,2)). The Hamiltonian is H = E, — U and
2 =dd E = dd; E,, because d; U = 0. On the other hand, g(C, C) = LcH = 2E».

Let S be the canonical spray defined by is$2 = —dH. Put
S=85+V,

where $; is the canonical spray of the Levi-Civita connection defined by is,dd ; E» = —dE>.
Now

ivddyEr = dU
and locally
d oU
V=V'— withV®=g%¥_—
ay“ axh

Since the components of V do not depend on the variables y, we get
[/, S1=1J, 521,

i.e. the natural connection is the Levi-Civita connection /> = [J, 52].
Therefore the canonical connection is

r=nr+T,

where T the strong torsion given by the formula (5) of Section 2.
We have [C, S] = [C, $;]1+[C, V] = S — V, hence

S* = -2V ig»2 = =2dU
and

g(S*,C) = =2g(V, C) = —2iy 2(S) = —2LsU.
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Then
T = ———Z[g(C, CO)AU Q@ C+g(C,ClicRR®V — (LsU)ic2 @ C]
g(C,C)
i.e. locally,
R 2 .
T! = — ¢ [(g, Y Y@ y; + B U)m) — %3 U)yjyi],

= g
I (8apy?yP)?

where y; = gi; y/. Then the coefficients of the canonical connection are:

. i 1.
ri= k_ _Ti
f {jk}y 2

where the { J’ k} are the coefficients of the Levi-Civita connection.
Let us consider now an admissible constraint .4 of codimension 1, in T M, defined by the
equation

f&x,y)=0.

The admissibility condition means that in this case there exists a vertical vector J Z which
is not tangent to A4, i.e. such that JZ - f # 0. Then A is admissible if and only if

dsf#0

at any point of 4. A normal vector field & verifies gr(¢, X) = Ofor any X € TA, ie.
for X such that df(X) = 0. Then g (&, ) is proportional to d f, or, in other words:
R, FY)=df(),ie.

2 =—drf.
Then we have
162 =gl 2 — g R =i R +dpyf = —dpf +dpvf = ~dpp f =dy f
(because i, §2 = £2, I" being Lagrangian). Therefore the vector field v€ such that
e =d;f
splits vT+.A . Locally

af @

—pef L 7

vE =g ByP By

Now A is admissible, hence: d; f # 0, i.e. vE % 0. We have g(vE, v€) = R2(vE, FE) =
dj f(F&) = vE - f. Then

ap O 3f

2_
I v IP= g% 5 05
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Let X = X4 4 Av§ be the splitting of X with respect to the direct sum TTM =
TA® vT+Awhere X 4 is the tangent part to \A. Imposing that X 4 € T A,i.e. X4+ f =0,
we find A = (df)(X)/| vE 2. The projectors v and T are

4 Y
VE T @ ad T=lm e O

A straightforward computation gives the connection I"’ induced on the constraint.
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